D-type Vortex and N-type Vortex in Two-gap Superconductor 
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We show that the two-gap superconductor has two types of non-Abrikosov magnetic vortex, the 
D-type which has no concentration of the condensate at the core and the N-type which has a 
non-vanishing concentration of the condensate at the core, which may carry 47r-flux, 27r-fiux, or a 
fractional flux, depending on the parameters of the potential. Furthermore, we show that the non- 
Abrikosov vortex is described by two types of topology. The integer flux vortex has the non-Abelian 
topology 7r2(S''^), but the fractional flux vortex has the Abelian topology 7ri(S'^). We show that the 
inclusion of the Josephson interaction does not affect the existence of the magnetic vortex, but alter 
the shape of the vortex drastically. 
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The Abrikosov vortex in one-gap superconductors and 
similar ones in Bose-Einstein condensates and superflu- 
ids have played a very important role in condensed mat- 
ter physics 0] . But the recent advent of two-component 
Bose-Einstein condensates and two-gap supercondectors 
0, Q has opened up an exciting new possibility for us 
to consrtuct far more interesting topological objects in 
laboratories 0, IE IE B E| ■ It has bee shown that the 
two-gap supercondector can admit a non-Abrikosov vor- 
tex which has the non-Abehan 7r2(S'^) topology 0,Q,I3- 
The purpose of this Letter is to show that the two-gap su- 
percondector actually allows two types of non-Abrikosov 
vortex, D-type and N-type, whose magnetic flux can be 
anywhere between 47r/g and zero. And this holds true 
even when the interband Josephson interaction is present. 
The reason for this is that the magnetic vortex in two- 
gap superconductor has two types of boundary condition 
at the core. 

In mean field approximation the free energy of the 
two-gap superconductor could be expressed by ]j,|3 
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where V is the effective potential. We choose the poten- 
tial to be the most general quartic potential which has 

the U{1) X U{1) symmetry, 



V 



(2) 



where Aij are the quartic coupling constants and jli are 
the chemical potentials of 0^ [i ~ 1,2). The Josephson 
interaction which breaks the U{l)xU{l) symmetry down 
to C/(l) will be discussed separately in the following. 



With the normalization of and <j)2 to <j)i and 02 
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one can simplify the above Hamiltonian, 
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where V is the normalized potential, 

^-^I'^l|' + Al2|0in02p + ^|02|^ 

-Mi|0iP-M2|02p- 

The potential has the following types of vacuum: 
A. Type I: Integer flux vacuum 
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This is possible when we have one of the following three 
cases, 



(a) < Ai2, 

(&) < Ai2, 
(c) < Ai2, 
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We call this integer flux vacuum because, as we will see, 
the magnetic vortex with this type of vacuum has an 
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integer flux. 

B. Type II; Fractional flux vacuum 
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This is possible when we have one of the following three 
cases, 



(a) A12 < 0, 

{b) < A12, 
(c) A12 = 0. 
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We call this fractional flux vacuum because the magnetic 
vortex with this type of vacuum has a fractional flux. 
C. Type III: Degenerate vacuum 
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This is what we have when 
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This includes the special (and familiar) case 
All = A12 — A22 — A, Ml = M2 = M- 
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In this case the potential (O has the full SU (2) symme- 
try. Notice that the potential (|3J| has no vacuum when 



A12 < 0, 



All ^ IA12I 
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All other cases can be reduced to one of the above cases 
by re-labelling 0i and 02- 

With 
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we can obtain the following equation of motion from the 
Hamiltonian ^, 



,9nP 
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where 
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and k — (0, 0, 1). This is the equation for two-gap super- 
conductor which allows a large class of interesting topo- 
logical objects, straight magnetic vortex, helical magnetic 
vortex, and magnetic knot, all with 47r/g-flux, 27r/g-flux, 
or a fractional flux. 

To discuss the vortex solution let {g, f, z) be the cylin- 
drical coordinates and choose the ansatz 



p = p{q). 



cos — — exp(— z?i(^) 
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With this one can obtain the vortex solution by solving 
(I15|l . To do this, we have to fix the boundary conditions. 
At the core the smoothness allows (for n = 1) two types 
of boundary condition ^ |M 1^ ^ 

A. Dirichlct boundary condition 

m(0) = 0, m(0)^0, A(0) = -1. (17) 

B. Neumann boundary condition 

m(0)^0, m(0) = 0, A(0) = 0. (18) 

This is a new feature of two-gap superconductor, which 
we do not have in ordinary superconductor. 

At the infinity all fields must assume the vacuum val- 
ues. In particular, the electromagnetic current must van- 
ish. This means that we must have 



m(oo) - v/2(< |0i| >2 + < |02| >2), 
cos/(cx)) 
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Notice that for the integer flux vacuum we have A{oo) = 
1, but for the fractional flux vacuum A[oq) becomes frac- 
tional. 

The existence of two types of boundary conditions in 
two- gap superconductor has an important impact. To 
understand this notice that the magnetic flux of vortex 
is given by 



A^dx'' = ^ (A(oo) - A(0)) . (20) 
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FIG. 1: The non-Abrikosov vortices in two-gap supercomduc- 
tor. In (A) and (B) the D-type vortices with 4:n/g flux and 
fractional flux are shown with different a, /3, 7. In (C) and 
(D) the N-type vortex with 2-11 /g flux and fractional flux are 
shown with different a, f3, 7. Here we have put n = 1 and 
X/g^ — 2, and the unit of the scale is 1/p. 



So, the magnetic flux becomes fractional when A(oo) is 
fractional. As importantly, when A{0) = — 1 the flux 
becomes 4:T:/g with A(oo) = 1. This was impossible in 
ordinary superconductor. 

With the ansatz (|16|l we obtain the following vortex 
solutions. 

A. Air/g-fiux vortex: With the Dirichlct boundary con- 
dition at the core and the integer flux vacuum at the 
infinity 



p{0) = 0, p((X3) 



/(O) 
A(0) = 



TT, 
-1, 
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we find the solutions with the different parameters which 
are shown in Fig. lA. We call this a D-type vortex. 
Both and (f>2 start from zero at the core. However, 
notice that (pi approches the finite vacuum value but (/)2 
approches zero at the infinity. So 4>2 has a maximum 
concentration at a finite distance from the core. This is 
a generic feature of a D-type vortex. The magnetic flux 
of the vortex is given by 

47rn 



$ = 



Fgt^d X — 



• (22) 
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This has a non-Abelian topology. To see this notice that 
fi defines a non-trivial mapping ^2(8'^) = n from the 
compactifed a;y-plane to the CP^ space S^. Clearly 
this is non-Abelian. 

B. 27r/(7-fiux vortex: With the Neumann boundary 
condition at the core and the integer flux vacuum at the 
infinity |9|, 



m = 0, p(cx)) 



' 2(^+7) 

(X + a + P)'' 



/(O) = n, /(oo) = 0, 
A{0) = 0, A{oo) = 1, 



(23) 



we find the solutions with the different parameters shown 
in Fig. IC. We call this a N-type vortex. In this case 4>i 
behavior is the same as before. But notice that 02 has 
a maximum concentration at the core, and approaches 
zero at the infinity. This is a generic feature of a N-type 
vortex. The magnetic fiux of the vortex is given by 

* = / Fg^d^x = / dgA^d^x = — , (24) 



which is same as that of Abrikosov vortex. But the topol- 
ogy of the CP^ field fi is the same as the 47r/g-flux vor- 
tex, 7r2(5^) — n. The reason why there exist two vortices 
which have different magnetic flux but have the same 
topology is because the magnetic flux is determined by 
the boundary condition A{oo) — A(0), not by the topol- 
ogy. The topology assures the quantization of the fiux, 
but does not determine the magnitude of the flux 
C. Fractional flux vortex; This is possible when we 
have the fractional flux vacuum at the infinity 



p(oo) 



2/3/1 — q;7 
4/3A - o? ' 



cos / (oo) 
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At the core we can impose either the Dirichlct condi- 
tion p7|l or the Neumann condition p8|l . and obtain the 
D-type vortex shown in Fig. IB or the N-type vortex 
shown in Fig. ID. The fractional vortex is also topologi- 
cal, but the topology of the fractional vortex is different 
from that of integer flux vortex. For the fractional flux 
vortices the 772(6'^) topology of n becomes trivial, but in 
this case we still have a J7(l) topology 7ri(S'^), the topol- 
ogy of the U{1) symmetry which leaves n invariant. And 
this Abelian topology describes the topology of the frac- 
tional flux vortex. So the topology of the fractional flux 
vortices is the same as that of the Abrikosov vortex. An 
important feature of the fractional flux vortex is that the 
energy per unit length of the vortex is logarithmically di- 
vergent. This, however, does not make the fractional flux 
vortex unphysical. In laboratory setting one can observe 
such vortex because one has a natural cutoff parameter 
A fixed by the size of the superconductor, which can ef- 
fectively make the energy of the fractional fiux vortex 
finite. 

It must be emphasized, however, that the actual mag- 
netic fiux of vortex depends on the two-gap supercon- 
ductor at hand because it is fixed by the parameters of 
the potential which charactrizes the superconductor. In- 
dependent of this all two-gap superconductors have two 
types of vortex, D-type and N-type. On the other hand 
one must keep the foUowings in mind. First, the D-type 
vortex has more energy than the N-type vortex, because 
it carries 2n/g more flux. Secondly, the energy (per unit 
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FIG. 2: The density profile of \cj>if in (A) and |02|^ in (B) of 
tlie magnetic vortex in the presence of Josephson interaction. 
Here we have put p — 1, j = 0.05, ri — 0.25, and \/g^ = 2. 



length) of the fractional flux vortex is logarithmically di- 
vergent, so that they can exist only when a cutoff param- 
eter makes the energy finite. 

ft is wcll-knovi'n that two-gap superconductor may al- 
low the interband Josephson interaction To discuss 
the impact of the Josephson interaction in two-gap su- 
perconductor, we let All = A22 = A12 = A and adopt the 
potential which has the Josephson interaction 



^J■l\<Pl\ 



^J'2\(t>2? 



(26) 



Now, we choose the following ansatz for the magnetic 
vortex 



f ^ , N . / . ^ . 

cos — COS — exp(— zni/?) -I- sm — sm — 

f . IjJ / ■ n • / ^ 

— COS — sm — cxp — + sm — cos — . 



Af, = -A{g)d^ip, 



tana; = 



27J 



Ml - P2 
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Notice that the ansatz is not axially symmetric. With 
this we obtain two types of magnetic vortex. The density 
profile of the N-type 27r/5-flux vortex is plotted in Fig.|21 
Notice that the vortex can be viewed as a "bound state" 
of two vortices made of 4>i and (f)2- This confirms that the 



Josephson interaction does not prevent the existence of 
two types of magnetic vortex, ft makes the vortex more 
interesting. 

Finally we emphasize that all these non-Abrikosov 
vortices can be twisted to form a helical vortex which is 
periodic in z-coodinate. In particular, with the Joseph- 
son interaction, we can construct a "braided" helical vor- 
tex from the above bound state of (pi and 02 vortices by 
twisting and making it periodic in z-coordinate. Perhaps 
more importantly, we can construct a twisted magnetic 
vortex ring from the helical vortex by smoothly bend- 
ing it and connecting two periodic ends together. And 
the vortex ring becomes a stable magnetic knot whose 
knot topology 7r3(S'^) is fixed by the Chern-Simon index 
of the electromagnetic potential 0, 01 ■ Because of the 
helical structure of the magnetic flux the knot has two 
magnetic flux linked together, one around the knot tube 
and one along the knot, whose linking number is given by 
the knot quantum number. And since the flux trapped 
inside the vortex ring can not be squeezed out, it makes 
the knot stable against collapse by providing a stabiliz- 
ing repulsive force. This makes the knot dynamically (as 
well as topologically) stable. 

It is really remarkable that the two-gap superconduc- 
tor allows such diverse topological objects. This is be- 
cause it has a non-Abelian structure in which the dou- 
blet <j> can be treated as an SU{2) doublet. The fact that 
the Hamiltonian has the full 5/7(2) symmetry when 
a = /3 = 7 = tells that the SU{2) symmetry survives 
as an approximate symmetry of two-gap superconductor, 
which is broken by the a, /?, and 7 interactions 

There are other topological objects which have not 
been discussed in this paper. The detailed discussion on 
the topological objects in two- gap superconductor will be 
presented in a separate paper llj. 
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